We define Chen integrals for symbols on R n which obey the expected shuffle relations whenever they converge. A Birkhoff factorisation yields renormalised Chen integrals with the same shuffle properties. Accordingly, we define discrete Chen sums which generalise the Euler-Zagier-Hoffman polyzeta functions. They relate to Chen integrals of symbols on R n via a Khovanskii-Pukhlikov formula extended to symbols [GSW]. In dimension 1, Chen sums of symbols obey stuffle relations whenever they converge. Using a Birkhoff factorisation we define renormalised Chen sums of symbols which also satisfy stuffle relations. In particular, they give rise to renormalised Euler-Zagier-Hoffman polyzeta functions satisfying the stuffle relations which relate to known extensions of polyzeta functions to integer arguments.
Introduction
The operator P defined on functions on integers f : N → C by
defines a Rota-Baxter operator of weight θ = −1: P (f ) P (g) = P (f P (g)) + P (g P (f )) + P (f g).
When applied to f (n) = n −s1 , g(n) = n −s2 , these relations lead to "stuffle" or "second shuffle relations" for polyzeta functions 1 . For double zeta functions, they read:
ζ(s 1 ) ζ(s 2 ) = ζ(s 1 , s 2 ) + ζ(s 2 , s 1 ) + ζ(s 1 + s 2 ) where ζ(s) = n>0 n −s and ζ(s 1 , s 2 ) = n1>n2 n −s1
1 n −s2 2 whenever s 1 > 1 and s 2 > 1. Correspondingly, starting from f ∈ L 1 (R + , C), one can build the mapP r (f ) : R + → C defined for r > 0 by:P r (f )(y) = y≥x≥r f (x) dx Then the classical Rota-Baxter relation (of weight zero) P r (f )P r (g) =P r (fP r (g)) +P r (gP r (f ))
is an integration by parts in disguise. When applied to f (x) = x −s1 χ(x), g(x) = x −s2 χ(x), with χ a smooth cut-off function around the origin which is 1 outside the interval ] − r, r[ for some positive real number r, this leads to shuffle relations for continuous analogs of polyzeta functions. These generalise the following relation: ζ r (s 1 )ζ r (s 2 ) =ζ r (s 1 , s 2 ) +ζ r (s 2 , s 1 ), whereζ r (s) = x≥r x −s dx andζ r (s 1 , s 2 ) = x1>x2≥r x −s1 1 x −s2 2 dx 1 dx 2 whenever s 1 > 1 and s 2 > 1.
In this article we use renormalisation procedureà la Connes and Kreimer to obtain an extension of polyzeta functions at all integer arguments (in particular at nonpositive arguments) which obey the stuffle (or second shuffle) relations. The requirement that the extended polyzeta functions should also obey stuffle relations naturally leads to requiring that certain maps define characters on some Hopf algebra equipped with the stuffle product (the coproduct being the deconcatenation). The extension of polyzeta functions at integer arguments s i ≥ 1 carried out by number theorists (the one with respect to the stuffle product) can be understood that way.
3
1 We refer the reader to e.g. [H] , [Z] , [W] , [ENR] , [CEMP] , [Mi] , [Zu] among a long list of articles on algebraic relations obeyed by polyzeta functions 2 In [GZ] , the authors have a similar approach using a Birkhoff factorisation to renormalise polyzeta functions. Our construction relates to theirs via a Mellin transform.
3 There is another extension of polyzeta functions at integer arguments s i ≥ 1, which is compatible with the shuffle relations. But compatibility of an extension to integer arguments s i ≥ 1 with both sets of relations is impossible (see e.g. [ENR] , [W] ).
It was shown in [MP] 
Accordingly, for symbols σ i (s)(ξ) := χ(ξ) |ξ| −si on R n where | · | is the euclidean norm on R n and χ a smooth cut-off function around the origin which is 1 outside a ball in R n centered at 0 with radius r, using cut-off integrals of log-polyhomogeneous symbols [L] we definẽ
where | · | ∞ is the supremum norm on R n .
With the help of the Khovanskii-Pukhlikov formula for convex polytopes (applied here to balls in R n for the norm | · | ∞ 4 ) extended by Guillemin, Sternberg and Weitsman to symbols [GSW] , we relate these Chen integrals to cut-off discrete Chen sums:
For s 1 > n and s i ≥ n when i = 1, these boil down to ordinary Chen sums. Just as cut-off integrals, cut-off sums can be extended from classical to log-polyhomogeneous symbols so that cut-off Chen integrals and cut-off Chen sums can be defined on classical symbols:
Here B ∞ (0, r) = {ξ ∈, R n , |ξ| ∞ ≤ r}. We argue that the smoothness requirement on the symbol is not actually necessary to define cut-off Chen integrals and cut-off Chen sums, and can be relaxed to a continuity requirement in order to allow for the use of the supremum norm which is not smooth outside the unit ball. The above polyzeta functionsζ ∞ r,n (s 1 , · · · , s k ) and ζ ∞ n (s 1 , · · · , s k ) are special instances of these cut-off Chen integrals and symbols, for they correspond to choosing σ i (ξ) = |ξ| −si χ(ξ). Clearly, for n = 1 we have ζ ∞ 1 (s 1 , · · · , s k ) = 2 k ζ(s 1 , · · · , s k );ζ ∞ r,1 (s 1 , · · · , s k ) = 2 kζ r (s 1 , · · · , s k ).
Generalising the relation between the Riemann zeta function and the zeta function associated with a Laplacian on the circle, when |ξ| 2 = n i=1 ξ 2 i , we argue that the ζ ∞ n 's can be interpreted as polyzeta functions associated with Laplacians on n-dimensional tori T n since those have spectrum |k| 2 , j ∈ Z n .
A holomorphic regularisation R : σ → σ(z) on classical symbols (e.g. dimensional regularisation) leads to meromorphic maps
with poles of order ≤ k + 1. Here B ∞ (0, r) = {ξ ∈, R n , |ξ| ≤ r} for any continuous norm |ξ| on R n . The meromorphicity property for cut-off Chen integrals follows from that of cut-off integrals of holomorphic families of log-polyhomogeneous symbols. The meromorphicity property of cut-off Chen sums of holomorphic symbols, which we derive in dimension 1, then follows from the Euler-MacLaurin formula 5 . One thereby obtains two characters Φ R r (see Proposition 9), resp. Ψ R (see Proposition 15) with values in meromorphic functions defined on Hopf algebras, the tensor algebra of classical symbols with constant coefficients on R n , resp. the tensor algebra of classical symbols with constant coefficients on R equipped with the appropriate shuffle, resp. stuffle product 6 . The Birkhoff factorisation of these characters (see Theorems 5 and 6) then provides renormalised values at z = 0
To conclude, let us summarise the basic steps of this renormalisation procedure which we lead in parallel for Chen integrals and Chen sums of symbols:
1. Chen integrals, resp. Chen sums of symbols obey some algebraic relations, the shuffle (in any dimension), resp. stuffle (in dimension 1 only) relations whenever the integrals converge.
2. Cut-off Chen integrals, which extend the ordinary Chen integrals to all symbols, still obey shuffle relations whenever the (left) partial orders of the symbols are non integer valued. In dimension 1 this reflects an integration by parts property already observed in [MMP] .
3. By the Khovanskii-Pukhlikov formula on convex polytopes, cut-off Chen sums of symbols can be defined in terms of the corresponding cut-off Chen integrals of symbols. In dimension 1, these cut-off Chen sums of symbols obey stuffle relations whenever the (left) partial orders of the symbols are non integer valued.
4. A holomorphic perturbation of the symbols (which perturbs the order of the symbol in order to avoid integer values) therefore yields, via these cut-off Chen integrals, resp. cut-off Chen sums, characters on adequate tensor algebras of symbols equipped with the shuffle, resp. stuffle product.
5.
A Birkhoff factorisation then provides renormalised Chen integrals, resp. Chen sums of symbols which also obey shuffle, resp. stuffle relations.
The paper is organised as follows:
PART 1: CHEN INTEGRALS OF SYMBOLS 1 Cut-off integrals of log-polyhomogeneous functions and symbols
Log-polyhomogeneous functions and symbols
Let U ⊂ R n be an open subset and let | · | be a continuous norm on R n 7 . For any real number α and any non negative integer k let us denote by F α,k (U ) the set of continuous functions (x, ξ) → f (x, ξ) on T * U which are smooth in the variable x ∈ U and read f = k l=0 f l where the f l 's have the following asymptotic behaviour as |ξ| → ∞:
where χ is a continuous function which vanishes at 0 and equals to one outside a compact set and f α−j,l (x, ξ) is positively homogeneous in ξ of order α − j. Here the symbol ∼ stands for the existence, for any positive integer N , of an integer K N such that
We set:
Note that for α ∈ −N ∪ {0}, F α, * (U ) := ∞ k=0 F α,k (U ) is an algebra for the ordinary product of functions. We also define
to be the algebras generated by α∈R F α,0 (U ) and α∈R ∞ k=0 F α,k (U ) respectively. We call α the order of f ∈ F α, * (U ) in analogy with the order of symbols we are about to describe.
When the norm | · | on R n is smooth outside 0, we consider the set CS α,k (U ) of symbols σ ∈ C ∞ (T * U ) on U of order α which are log-polyhomogeneous, i.e. such
Here χ is a smooth function which vanishes at 0 and equals to one outside a compact set. σ α−j,l (x, ξ) is positively homogeneous in ξ of order α − j. The symbol ∼ stands 7 We do not require smoothness outside the origin for the equivalence of symbols: for any positive integer N , there is an integer K N such that
Let us introduce further notations. CS α (U ) := CS α,0 (U ) is the set of classical pseudodifferential operators of order α,
denotes the vector space generated by log-polyhomogeneous symbols of all orders with fixed logarithmic power k and CS −∞ (U ) := α∈R CS α (U ) is the algebra generated by smoothing symbols.
We equip CS * , * (U ) with the usual product of symbols:
is the algebra generated by integer order log-polyhomogeneous symbols, which is equipped with an inductive limit topology of Fréchet spaces. It a subalgebra of the algebra
generated by log-polyhomogeneous symbols of any real order. For k = 0
is the algebra generated by integer order classical symbols.
Take U = R n , and the subalgebra CS * , * c.c. (R n ) ⊂ CS * , * (R n ) of symbols with constant coefficients. Since the product of symbols boils down to the product of functions for symbols with constant coefficients, CS * , * c.c (R n ) ⊂ F * , * (R n ) becomes an inclusion of algebras.
We recall results which belongs to folklore knowledge, namely that F * , * (U ) (resp. CS * , * (U )) can be equivalently defined using any continuous (resp. continuous and smooth outside the origin) norm on the cotangent space. This is due to the fact that all the norms are equivalent on this finite dimensional space. 
independently of the norm | · | chosen on R n (with square defining a smooth function). 
A continuous function
independently of the choice of the norm |·| on R n (with square defining a smooth function).
Remark 1
The proof below also shows that the definitions are independent of the choice of cut-off function.
Proof: Let | · | and | · | 1 be two equivalent norms. We only prove items 1 and 3 since 2 can be proved in a smilar manner.
1. There are positive constants C and D such that
If (3) holds for |·|, it therefore clearly holds for |·| 1 and the order a is independent of the norm.
See item 3.
3. Let σ ∈ CS α,k (U ) which we write
with χ a smooth cut-off function which vanishes for |ξ| ≤ 1 4 and is constant equal to 1 for |ξ| ≥ 1 2 , σ α−j,l (x, ξ) positively homogeneous of order α − j and
where we have set
It follows that for any t > 0
is positively homogeneous of order α − j.
⊔ ⊓

Cut-off integrals revisited
Cut-off integrals, usually defined on log-polyhomogeneous symbols [L] , can be extended in a straightforward manner to the class F * , * (U ) of log-polyhomogeneous functions since they only involve integrations and not differentiations of the symbol in the ξ variable. On the other hand, since all the norms on the finite dimensional cotangent space T * x U at point x to an open subset U ∈ R n are equivalent, cut-off integrals can be defined using any of these norms. However, as we shall see shortly, the resulting cut-off integral depends on the choice of norm. We recall the asymptotic behaviour of integrals on balls, which can be derived independently of the specific norm chosen on T * x U .
x U centered at 0 with radius R and for any 0 ≤ r ≤ R, let us set B *
f (x, ξ) dξ has an asymptotic expansion of the type
where r x,l (f ) are constants depending on f l,−n , P x,l (f α−j,l )(X) is a polynomial of degree l with coefficients depending on f α−j,l and where for ≤ r ≤ 1, the constant term C r,x (f ) corresponds to the finite part:
which is independent of N ≥ α + n − 1.
Proof: A proof in the case of a log-polyhomogeneous symbol f can be found e.g. in [MP] and references therein for the case r = 0, which easily adapts to log-polyhomogeneous functions. The case r > 0 then easily follows substracting B * x (0,r) f (x, ξ) dξ to the constant term so that
The finite part is defined as usual setting for a given norm | · | on T * Warning: Unless needed, we shall not specify the choice of the norm in the cut-off integrals.
The notion of holomorphic family of symbols extends to log-polyhomogeneous functions in F * , * (U ). Let us first recall what we mean by a holomorphic family of elements of some topological algebra A. Let W ⊂ C be a complex domain. A family f (z) ∈ A is holomorphic at z 0 ∈ W if there is a Taylor expansion in a neighbourhood N z0 of z 0
which is convergent, uniformly on compact subsets of N z0 , with respect to the topology on A.
The algebras of functions we consider here are C ∞ (T * U ) equipped with its usual Fréchet topology of uniform convergence of all derivatives on compact subsets, and {f ∈ C 0 (T * U ), f smooth in x} equipped with the Fréchet topology of uniform convergence on compact subsets of U and the topology of uniform convergence of all derivatives on compact subsets on T * x U ≃ R n .
Definition 1 Let k be a non-negative integer, let U be an open subset of R n , and let
resp. of smooth functions on T * U ) for which:
2. For any positive integer N there is some positive integer K N such that the remainder term
is holomorphic in z ∈ W as a function of (x, ξ) with k th z-derivative
for any ǫ > 0.
The meromorphic behaviour of cut-off integrals of log-polyhomogeneous symbols [L] extends to log-polyhomogeneous functions in a straightforward manner.
Proposition 2 Given a non negative integer
k, let f (z) be a family in F * ,k (U ) (resp. CS * ,k (U )) holomorphic on W ⊂ C. Let us assume that the order α(z) of f (z) is of the form α(z) = −q z + α(0) with q = 0. Then the map z → T * U f (z)(x, ξ) is meromorphic with poles in α −1 ([−n, +∞[∩ Z) of order ≤ k + 1.
Chen integrals on classical symbols
Since functions σ ∈ F * , * (U ) define continuous functions ξ → σ(x, ξ) on T * x U , it makes sense to introduce the following nested integrals of symbols on compact sets.
These nested integrals correspond to ordinary Chen iterated integrals
As such they enjoy the usual properties of Chen iterated integrals (see e.g Appendix XIX.11 in [Ka] ). In particular we have:
We state further properties without proof since they immediately follow from known properties of Chen integrals.
(9) where the sum is over the n−1 partitions of the string I into two non-empty substrings
′′ . This reads:
⊗k is equipped with a shuffle product:
where τ runs over the set
In particular,
and when all the symbols coincide with some given symbol σ we have:
This shuffle product can equivalently be defined inductively as follows:
where 1 is the unit element in T (F (U )) and for τ, τ
As in the case of ordinary Chen integrals, we have the following shuffle relations:
Proof:
where we have used the shuffle property for usual iterated Chen integrals. ⊔ ⊓ 3 Cut-off Chen integrals on symbols
In this paragraph we fix r = 0 and let R tend to infinity, which requires a regularisation since the integrals do not a priori converge when R → ∞. Let us first recall how nested integrations can turn classical symbols into log-polyhomogeneous symbols (see [MP] Theorem 3). The following definition and statement extend that of [MP] to log-polyhomogeneous functions.
If the norm is smooth outside the origin, it maps CS
Proof: It follows from setting R = |η| in equation (4). The smoothness of the norm outside the origin ensures that whenever f is a symbol, then the resulting symbol P r (f ) is also smooth. ⊔ ⊓
We set for convenienceP |·| =P |·| 0 so that
As a result of Proposition 4 the mapP |·| r satisfies the following Rota-Baxter relation:
This generalises a similar result established in the case of smooth norms [MP] .
linear combination of log-polyhomogeneous functions of order
We can define its cut-off integral:
where as before
Here and in what follows, B *
Remark 3 If the α i 's are real, it follows from the above lemma that if α 1 < −n, and
Chen r also has order < −n so that the Chen iterated integral converges and the cut-off integrals become ordinary integrals:
Choosing r = 0 and taking finite parts when R → ∞ in (8) yields that
Similarly from (9) we get for any 0
where as before the sum is over the n − 1 partitions of the string I into two non-empty substrings I ′ , I ′′ .
We want to extend the shuffle relation (10) in the R → ∞ limit.
Theorem 1 As before, |·| denotes a continuous norm on
1. α 1 < −n and β 1 < −n and α i ≤ −n,
or all the partial sums α
the following shuffle relation holds:
this becomes an equality of ordinary Chen integrals:
Chen,|·|
Remark 4 For σ ∈ CS α (U ), τ ∈ CS β (U ), r = 0 this reduces to a property already observed in [MP] :
Proof: This follows from taking finite parts when R → ∞ in Proposition 4.
the integrals converge and the finite parts are ordinary limits. Taking the limits when R → ∞ in Proposition 4 yields the result.
2. Let us now assume that all the partial sums α 1 +α 2 +· · ·+α m +β 1 +β 2 +· · ·+β p with m ∈ 1, . . . , k, p ∈ {1, · · · , l} are non integer valued. Under this asumption, the finite part of the product of the integrals coincides with the product of the finite parts of the integrals. Let us make this statement more precise. On the right hand side of
one might expect cancellations of divergences when R → ∞ which could lead to new contributions to the finite part. Since the asymptotic expansion of
when R → ∞ involves powers R α1+α2+···+αm+m n−j for non negative integers j combined with powers of log R (and similarly for
3. If either α 1 < −n or β 1 < −n and α i ≤ −n,
then one of the expressions
x (r,R) τ converges in the limit R → ∞ so that such cancellations do not occur either. As a result, the shuffle property also holds in the limit.
⊔ ⊓
A continuous analog of polyzeta functions
We define a continuous analog of polyzeta functions via Chen integrals of symbols. Let us take U = R n and consider the subalgebra CS c.c (R n ) ⊂ CS(R n ) of symbols with constant coefficients. The symbols
Here ǫ > 0 and ξ ǫ is a smooth cut-off function on R n that vanishes in the ball B(0, ǫ 4 ) and is constant equal to 1 outside the ball B(0,
k we set σ s := σ s1 ⊗ · · · ⊗ σ s k and define for r ≥ 0, and any continuous norm | · | on R n :
When ǫ < 2r this reads:
When n = 1, ǫ < 2r and | · | is the usual absolute value, we write:
This clearly does not extend to r = 0.
Remark 6 Note the analogy with the usual polyzeta functions, an analogy which was made precise in [MP] via an Euler-MacLaurin formula.
The following proposition gives an analog of the "second shuffle relations" [ENR] , also called stuffle relations for polyzeta functions (but without "diagonal terms", which arise only in the discrete setting. As such they appear as "ordinary" shuffle relations).
where s ∐ ∐ s ′ is defined recursively on the total length k + k ′ by:
Proof: It follows from applying the first item of Theorem 1 to σ = σ s and τ = σ s ′ since
⊔ ⊓
When n = 1, ǫ < r and | · | is the usual absolute value, this yields:
5 A continuous analog of polylogarithms
We now specialise to the case n = 1, ǫ < r. The norm | · | is the absolute value on R.
We define a continuous analog of polylogarithms setting for 1 ≥ r > 0, |z| < 1, s 1 > 1 and
Note thatL i
1. Let us first assume that s 1 = 1.
2. Let us now assume that s 1 = 1.
Following number theorists (see e.g. [C] , [ENR] , [W] , [Z] ), we now restrict ourselves to positive integer values of the indices s i , in which caseζ(s) converges if s 1 > 1 since all indices s i ≥ 1. To keep track of the condition s 1 > 1 it is useful to introduce a coding of multi-indices s by words over the alphabet X = {x 0 , x 1 } by the rule:
This means that an x 1 arises every time we have s i = 1 for some i. In contrast, s i > 1 gives rise to x si −1 0 x 1 . Condition s 1 > 1 therefore translates to the requirement that the word starts with x 0 . Since the last letter is x 1 whether s k = 1 or not, the words arising from a multiindex (s 1 , · · · , s k ) must end with x 1 . Following number theorists, we call admissible all words starting with x 0 and ending with x 1 and set for any admissible word w = x sζ r 1 (x s ) =ζ r 1 (s). Clearly, restricting to admissible words amounts to considering only convergent cases. Let us introduce the Q-algebra of polynomials Q X = Q x 0 , x 1 in two non-commutative variables x 0 and x 1 graded by the degree, with x i of degree 1. Q X is identified with the graded Q-vector space H spanned by the monomials in the variables x 0 and x 1 . We equip H with the same shuffle product as above defined inductively by:
For any word w = x s ending with x 1 we set 8 :
Then the above result translates to:
for any non empty word u and where
z log z if x j = x 1 which corresponds to s 1 = 1, 2. and ω j (z) = 1 z if x j = x 0 which corresponds to s 1 > 1.
Note that
These results motivate the following alternative description of generalised polylogarithms extended to all words.
Let us setLi r 1 (z) = 1 where the subscript 1 denotes the empty word. On the grounds of equation (15) we can inductively extend the polylogarithms from words ending with x 1 to all words defining them as primitives that vanish at z = 0 (as does the original expression (15)) for words w = x j u containing the letter
if u = 1. For words of the form x s 0 we set:
These extended polylogarithms still satisfy equations (15) Proof: The proof goes as for usual generalised polylogarithms by a straightforward derivation using (15) (see e.g. Lemma 2 in [Zu] ). One shows by induction on the total degree
The substitution z = 0 gives C = 0 for words containing x 1 and the substitution z = 1 gives C = 0 for words built from x 0 only. ⊔ ⊓ By (15) we obtain the following Chen integral representation for the words w = x i1 · · · x i k ending by x 1 in the domain 0 < z < 1:
If x i1 = x 1 then this expression is also defined for z = 1 and provides an alternative Chen integral representation for the polyzeta functions:
which therefore obey the following shuffle relations: 
Chen integrals of holomorphic families of symbols
Let us briefly recall the notion of holomorphic regularisation taken from [KV] .
Definition 5 A holomorphic regularisation procedure on F * , * (U ) is a map
where Hol (F * , * (U )) is the algebra of holomorphic families in F * , * (U ) as defined in section 1, such that
If the regularisation R takes CS * , * (U ) to CS * , * (U ), we call it a holomorphic regularisation on CS * , * (U ).
Holomorphic regularisation procedures naturally arise in physics:
Example 1 Let z → τ (z) ∈ CS(U ) be a holomorphic family of classical symbols such that τ (0) = 1 and τ (z) has holomorphic order t(z) with t ′ (0) = 0, then
where as before * denotes the product of pseudo differential symbols, yields a holomorphic regularisation on CS * ,k (U ) for any k ∈ N. Choosing τ (z) := H(z) |ξ| −z where H is a scalar valued holomorphic map such that H(0) = 1, we get
Dimensional regularisation commonly used in physics is of this type, where H is expressed in terms of Γ functions which account for a "complexified" volume of the unit sphere. When H ≡ 1, the regularisation R is called Riesz regularisation.
From a given holomorphic regularisation procedure
on CS(U ) which yields ordinary regularised integrals The second property, which holds when k = 1 under assumption 1) since ordinary regularised integrals coincide with the cut-off integral on non integer order symbols, says that different regularisations on Chen integrals will concide for tensor product symbols with non integer total order.
Given a holomorphic regularisation R : σ → σ(z) on CS(U ), we can assign to σ = σ 1 ⊗ · · · ⊗ σ k of order |α| = i=1 α i with α i the order of σ i holomorphic maps
. Proposition 7 Let R : σ → σ(z) be a holomorphic regularisation procedure such that σ(z) has order α(z) = −q z + α(0) with q = 0 10 . Given a norm | · | on R n and any non negative real number r, for any
is meromorphic with poles of order at most k in the discrete set of points
Furthermore, given a regularisation R : σ → σ(z) of a symbol σ with σ(z) of order α(z) = −q z + α(0) affine in z and assuming that q > 0, the map
is holomorphic on the intersection of the half planes
Proof: The first part of the statement, already proved in [MP] (see Theorem 5) in the case r = 0, follows from
Chen (x, ξ) dξ combined with the fact that by Lemma 3, (σ(z)) Chen lies in F * ,k−1 (U ) as a linear combination of functions in F * ,j−1 of order α 1 (z) + α 2 (z) + · · · + α j (z) + (j − 1)n, j = 1, · · · , k. The second part of the statement then follows since:
Given a holomorphic regularisation R : σ → σ(z) on CS(U ), we also can assign to σ = σ 1 ⊗ · · · ⊗ σ k of order |α| = i=1 α i with α i the order of σ i , maps
Proposition 8 Let R : σ → σ(z) be a holomorphic regularisation procedure such that σ(z) has order α(z) = −q z + α(0) with q = 0 11 . For any non negative real number r, for any σ i ∈ CS αi (U ), i = 1, · · · , k, the maps
define meromorphic functions with poles of order j at points
Proof: This follows from the fact that
as a linear combination of functions in F * ,j−1 of order
with j varying from 1 to k. Indeed, each of the functions in this linear combination, gives rise by formula (5) to terms of the form
with i running over non negative integers, and hence to poles whenever −q(
Shuffle relations and renormalised Chen integrals of symbols
Chen integrals of holomorphic families of symbols provide a character on the tensor algebra T (CS(U )) built from the algebra CS(U ) of classical symbols on U .
In what follows the norm | · | on T * x U ≃ R n can be chosen arbitrarily. From now on we drop from the notations the dependence in the variable x ∈ U , which is not involved in the computations below.
Proposition 9 Given a holomorphic regularisation R : τ → τ (z) on CS(U ) such that τ (z) has order α(z) = −q z + α(0) with q = 0 12 , for any non negative real number r
from the commutative (but non cocommutative) graded connected Hopf algebra (T (CS(U )) , ∐ ∐ , ∆) to the algebra M(C) of meromorphic functions. Here ∆ is the deconcatenation coproduct:
Proof: By Proposition 7, Φ R r is M(C) valued. Applying Theorem 1 toσ(z) andτ (z) for any two σ, τ ∈ T (CS(U )), the sum of the total orders of which is non integer outside a discrete set of complex numbers, we have:
as an equality of meromorphic functions, from which the above proposition follows. 
CS(U ) ⊂ T (CS(U )) of symmetric tensors (for the shuffle product). It is given by:
on symmetrised tensor products σ 1 ∐ ∐ · · · ∐ ∐ σ k with non integer total order. Proof: Since S (CS(U )) is generated by CS(U ) as an algebra, the character Φ r is entirely determined by its restriction to CS(U ), which proves the uniqueness of the extension of − R r from CS(U ) to a map on symmetrised tensor algebra over CS(U ) obeying the shuffle relations. ⊔ ⊓ Theorem 3 Given a holomorphic regularisation R : σ → σ(z) on classical symbols such that σ(z) has order α(z) = −q z + α(0) with q = 0 14 , for any non negative real number r the regularised integral − R r≤|ξ| extends to a character
As before, this condition can be relaxed to α(z) = α(0) − q z + o(z), q = 0. 13 As before, this condition can be relaxed to α(z) = −q z + α(0) + o(z) with q = 0. 14 As before, this condition can be relaxed to α(z) = −q z + α(0) + o(z) with q = 0.
on the whole tensor algebra H = (T (CS(U )) , ∐ ∐ ) equipped with the shuffle product.
It is defined by φ R,ren r := Φ R r,+ (0) from the Birkhoff decomposition of
It coincides with −
Chen,|.| r on tensor products of symbols with non integer partial orders, i.e.:
k whenever the (left) partial sums of the orders α
Proof: For convenience, we temporarily drop the subscript r. The Birkhoff decomposition [CK] , [M] for the minimal substraction scheme reads:
where ⋆ is the convolution defined from the deconcatenation coproduct by φ ⋆ ψ(σ) 
Since Φ R + is also a character on (H, ∐ ∐ ), it obeys the shuffle relation:
which holds as an equality of meromorphic functions holomorphic at z = 0. Setting
and applying the shuffle relation (18) at z = 0 yields
Now suppose that σ = σ 1 ⊗ · · · ⊗ σ k is such that all the (left) partial sums of the orders α 1 + α 2 + · · · + α j , j = 1, · · · , k is not an integer. Due to the particular form of the deconcatenation coproduct, the component σ ′ shares the same property (with k replaced by the degree of σ ′ ). Note that in that case, z → Φ R (σ)(z) is holomorphic at 0 since poles only occur for values z 0 such that the partial orders lie in Z. In particular π(Φ R (σ)) = 0, and it moreover shows for k = 1 that:
On the grounds of the above recursive formulas for Φ R − and Φ R + we can then prove inductively on k that (19) holds for any k, from which we infer that
On the grounds of this result we set the following definition.
Definition 6 Given a regularisation R : τ → τ (z) on CS(U ), define for any non negative real number r and any
We illustrate this on an example which offers a continuous n-dimensional analog of regularised polyzeta functions familiar to number theorists.
We take U = R n and restrict to symbols with constant coefficients. For any s ∈ R we set
where as before χ is some smooth cut-off function around 0. For (
For µ ∈ R we consider the regularisation procedure:
Applying the above construction with r = 0 and a norm | · | 1 yields renormalised quantities:ζ
which obey shuffle relations in the following sense. Here |ξ 1 | 1 is an arbitrary norm on R n ; when | · | 1 = | · | ∞ is the supremum norm we writẽ
Warning: leave out the explicit mention of the norm simply writingζ µ n . Let Y = {y 1 , · · · , y k , · · · } denote a countable alphabet of non commuting letters. We equip the corresponding tensor algebra T (Y ) with the shuffle ∐ ∐ given by the recursive formula:
Given a one to one map S : Y → C, let us set s i := S(y i ) and
In particular,ζ
Proof: This is a straightforward consequence of Theorem 3 applied to R µ and σ i = σ(s i ). ⊔ ⊓
PART 2: CHEN SUMS OF SYMBOLS 8 Discrete sums versus integrals of symbols
We equip R n with the supremum norm, defined for ξ = (ξ 1 , · · · , ξ n ) ∈ R n by |ξ| ∞ = sup{|ξ 1 |, · · · , |ξ n |}. In spite of the fact that it is not smooth outside the origin, it is still continuous on R n . Taking |·| = |·| ∞ in (11) provides an operatorP
which satisfies the Rota-Baxter relations (12):
Remark 8 Unlike in the case of a smooth norm outside the origin, this Rota-Baxter map does not map log-polyhomogeneous symbols to symbols but only to log-polyhomogeneous functions, hence the need to introduce the space F * , * (U ) of log-polyhomogeneous functions.
The balls B * ,∞ x (0, R) = {ξ ∈ T * x U, |ξ| ∞ ≤ R} for the supremum norm are convex regular polytopes defined by the inequalities:
where (e 1 , · · · , e n ) is the canonical orthonormal basis in R n . With notations similar to those of [GSW] , identifying T * x U ≃ R n , for any h ∈ R 2n (here m = 2n), R > 0 we define the polytopes ∆ x,R,h ⊂ T * x U by the inequalities:
where we have set e i+n = −e i . For h = 0 this yields back B ∞ x (0, R) and for R = 0 we set ∆ x,h := ∆ x,0,h . We generalise the operatorP ∞ setting for a function f ∈ F * ,k (U ) and any η ∈ T *
is a map in F * ,k+1 (U ). Its "order" is of the form α + m with m an integer < n − 1. When n = 1 and f ∈ F α,k (U ), the map
actually defines a symbol in F α−β,k (U ).
Proof: We prove the result for 1 ≤ i ≤ n; a similar proof yields the result for n + 1 ≤ i ≤ 2n. The generalisation to |β| > 1 is then straightforward. For any η = 0,
(the dξ i meaning we have left out the integration on the ξ i ) which lies F α+n−1,k+1 (U ) by Lemma 2. In dimension n = 1, | · | ∞ = | · | is the ordinary absolute value and h = (h 1 , h 2 ) has only two components. If f lies in F α,k (U ) then
In dimension 1 this proof shows that
We now want to compare the behaviour in the large of the continuous integralsP ∞ (f ) with that of discrete sums which we now define following [GSW] .
Definition 7 For a positive integer N , for any f ∈ F * , * (U ) we set
In order to compare P ∞ (f )(N ) andP ∞ (f )(N ) for large N we make use of the formula of Khovanskii-Pukhlikov extended to symbols by Guillemin, Sternberg and Weitsman [GSW] , which one can see as an n-dimensional generalisation of the Euler-MacLaurin formula used in [MP] in dimension 1 for similar purposes.
Following the notations of [GSW] , let
α is the Taylor series expansion at the origin of the Todd function:
By [GSW] (see Theorem 1.1) we know that
where C is a constant. This can be reformulated more precisely as follows. There are differential operators M [j] , j ∈ N on R n such that (see [KSW1] , [KSW2] and [GSW] for the generalisation to symbols)
where
where C p,N are convex polytopes growing with N and φ γ,j bounded piecewise smooth periodic functions. The following result generalises a result proven in dimension 1 in [MP] , namely the existence of log-polyhomogeneous symbols P ∞ (f ) which interpolates P ∞ x (f ). Proposition 11 For any f ∈ F α,k (U ) and any j ∈ N chosen large enough
lies in F * ,k+1 (U ) and its "order" differs from that ofP ∞ (f ) by a non positive integer.
Proof: By Lemma 4 and the M [j] 's being differential operators, the expression
(U ) and its "order" differs from the "order" α + n − 1 ofP ∞ (f ) by a non positive integer. The result then follows from the the fact that the "order" of η → R j (f, x, |η|) decreases as j grows. The case n = 1 is derived in the same way from Lemma 4. ⊔ ⊓ Remark 10 When n = 1, the supremum norm coincides with the ordinary absolute value | · | and the operator P ∞ satisfies the following relation [MP] :
for any n ∈ N and any f, g ∈ F * , * (U ). This relation, which is reminiscent of the Rota-Baxter relation of weight −1, does not carry out to higher dimensions.
9 Cut-off Chen sums of symbols and higher dimensional polyzeta functions
We want to build from P ∞ discrete Chen sums of symbols iterating the summation operator P ∞ in a way to be made precise. We first define from P ∞ the operators
On the grounds of Proposition 11 we derive the following result.
its "order" differs by an integer from that ofP
Proof: The first assertion is a direct consequence of Proposition 11. The second assertion then follows from an induction procedure on j to check that
The expression of the order follows using the fact that by Proposition 11, the "order" of P ∞ (σ) differs from that ofP ∞ (σ) by an integer. ⊔ ⊓
We are now ready to define discrete Chen sums of symbols. Combining Propositions 12 and 11 shows that the cut-off sum of the symbol
is well defined so that we can set the following definition.
the cut-off Chen sum of σ := σ 1 ⊗ · · · ⊗ σ k .
Remark 11
1. When n = 1, this gives back the discrete Chen sums of [MP] .
Given the expression of the order of
, the corresponding discrete Chen sum converges whenever α 1 < −n and α i ≤ −n for all i = 1 in which case we have that
is an ordinary discrete Chen sum.
Let us now apply the above results to
where s 1 , · · · , s k are real numbers, χ is a cut-off function which vanishes around 0 and such that χ(ξ) = 1 for |ξ| ∞ ≥ 1, | · | being any norm on R n .
Theorem 4
If s 1 > n and s i ≥ n for i = 2, · · · , k the discrete Chen sum
converges and it extends to all s i ∈ R by a cut-off Chen integral of the type defined above:
Remark 12 When n = 1, this gives back (up to a multiplicative factor 2 k ) the polyzeta functions familiar to number theorists [MP] .
Proof: It follows immediately from applying the results of Proposition 12 to σ i = σ si of order −s i . ⊔ ⊓ As a consequence we can also write:
If s 1 > 1 and s i ≥ n for i = 1 then clearly, we have ordinary sums:
Polyzeta functions associated with Laplacians on tori
Let us consider the n-dimensional torus T n seen as the range of (R n , +) under the group morphism:
which has kernel 2πZ n ≃ π 1 (T n ). This amounts to identifying T n with the quotient R n /2πZ n . In this picture, the additive group structure on R n is transported "modulo 2π" to the multiplicative group structure on T n :
The kernel K(x, y) of an operator on R n invariant under translationx → x + 2π k, k ∈ Z n depends only on the difference x − y and lifts to a 2π-periodic functionK on R n . The Fourier transform ofK is a linear combination of Dirac masses in Z n and can reasonably be taken as a symbol for the original operator. It then defines a T n -invariant distribution on the cotangent T * T n . The trace of P , when it exists is given by the integral of the symbol on T * T n .
We illustrate this on complex powers of the Laplacian on an n-dimensional torus. The Laplacian
as a consequence of which its associated zeta function is given by:
When n = 1, T 1 = S 1 is the unit circle and
where ζ is the Riemann zeta function.
It is useful in our context to view the zeta function associated with ∆ n as an integral of a symbol.
Proposition 13
The symbol of
n is the projection of the Laplacian ∆ n on T n onto the orthogonal of its kernel, reads for ξ ∈ R:
Taking Fourier transforms we get
Since h n,t ⋆ f = h n,t ·f , in order to compute the symbol σ n (z) we need to compute the Fourier transform of h n,t and hence an explicit expression for the heat-kernel of the Laplace operator on T n . The heat kernel of the corresponding Laplace operator on R n at time t is given by K n,t (x, y) = k n,t (x − y) with:
and when identifying T n with R n /2πZ n , the heat-kernel of the Laplacian on T n is given by
The fact that it is "translation invariant modulo 2π" enables us to define the symbol using an ordinary Fourier transform. Setting H n,t (x, y) = h n,t (x − y) we have:
so that the Fourier transform of h n,t can be intepreted as the symbol of e −t∆n . We first derive h n,t using the Poisson summation formula: 
Its kernel K p is then the constant function on T n × T n equal to 1. The associated functionK p is the constant function 1 on R n , so the symbol of p is the Dirac mass at 0. From that, and taking Fourier transforms, we deduce that the symbol τ n,t of e −t∆ ′ is given by:
Applying the Mellin transform we find :
⊔ ⊓
On the grounds of this result and with the notations of the previous paragraph we have σ n (z)(k) = σ z (k) for any k ∈ Z n − {0} so that the polyzeta functions defined previously can be interpreted as polyzeta functions associated with Laplacians on tori in as far as they provide iterated Chen sums of tensor products of the symbol of ∆ n :
When s 1 > n and s i ≥ n, i = 2, · · · , k we have ordinary Chen sums:
11 Renormalised Chen sums of symbols in dimension 1
In this section we mimick the construction of renormalised Chen integrals of symbols carried out previously under the requirement that they obeyed shuffle relations. Via the Euler-MacLaurin formula, which provides a bridge to Chen sums, similarly we can build renormalised Chen sums of symbols that obey stuffle relations.
Let V be any commutative algebra over C (not necessarily unital) The tensor algebra
can be equipped with the stuffle product defined inductively by:
Lemma 5 (T (V ), ⋆, ∆) is a commutative filtered connected Hopf algebra. Here ∆ is the deconcatenation coproduct:
Proof: This result is well-known to experts. M. Hoffman in [H2] gives a detailed proof in a slightly more restricted context, which can easily be adapted in full generality (see also [EG] ). The filtration is given by the length |w| of the words w involved. The commutativity w 1 ⋆ w 2 = w 2 ⋆ w 1 is shown by induction on the sum |w 1 | + |w 2 | and by using the commutativity of the algebra V . Similarly the associativity identity (w 1 ⋆ w 2 ) ⋆ w 3 = w 1 ⋆ (w 2 ⋆ w 3 ) is a consequence of the associativity of algebra V and is shown by induction on the sum |w 1 | + |w 2 | + |w 3 |. The co-unit ε defined by ε(1) = 1 and ε(w) = 0 for any nonempty word w is clearly an algebra morphism. Only the compatibility of the stuffle product ⋆ with deconcatenation remains to be shown :
This is carried out by induction on the sum |w 1 | + |w 2 |, exactly along the lines of the proof of theorem 3.1 in [H2] . Both stuffle product ⋆ and deconcatenation ∆ respect the filtration. So (T (V ), ⋆, ∆) is a connected filtered bialgebra, hence a connected filtered Hopf algebra. ⊔ ⊓
Remark 13
Note that if the product in V is identically zero, the stuffle product ⋆ reduces to the shuffle product ∐ ∐ . M. Hoffman in [H2] proves that the stuffle Hopf algebra and the shuffle Hopf algebra over V are in fact isomorphic, and exhibits an explicit isomorphism.
In the sequel the algebra V will be the algebra CS c.c (R) of classical symbols with constant coefficients on R. Let us recall the Euler-MacLaurin formula which we shall use to transpose to discrete Chen sums of holomorphic symbols, the meromorphicity property already observed for Chen integrals of holomorphic symbols. In dimension 1, by Remark 9, equation (22) reads:
− are differential operators and R j (f, |η|) a logpolyhomogeneous function of decreasing order as j grows.
Proposition 14
1. Given a holomorphic regularisation R : τ → τ (z) on CS * ,k c.c (R) for some non negative integer k, the map
is holomorphic for any σ ∈ CS * ,k c.c (R). In particular, z → − R σ(z) is meromorphic with same poles of order ≤ k + 1 as the map z → − R σ(z).
Given a holomorphic regularisation
is meromorphic with poles of order ≤ k.
Notice that we have suppressed the superscript ∞ in the Chen sum, as the supremum norm coincides with the usual absolute value in dimension one.
Proof:
1. Setting η = N in the Euler-MacLaurin formula (25) and taking finite parts, we observe that the difference
is holomorphic. On the other hand, we know from previous results that the map z → − σ(z) = fp N →∞P (σ(z))(N ) is meromorphic with poles of order ≤ k + 1 as a cut-off integral of a holomorphic family of symbols in CS * ,k (R). The same property therefore holds for z → − σ(z) = fp N →∞ P (σ(z))(N ).
Writing
and using the fact that
⊔ ⊓
On the grounds of this result we can set the following definition:
c.c (R) for some non negative integer k, we define 1. for any σ ∈ CS * ,k c.c (R) the regularised sum
where by finite part we mean the constant term in the meromorphic expansion.
Remark 14 This definition in fact extends to higher dimensions since the EulerMacLaurin formula in higher dimensions discussed previously provides there again the meromorphicity of the cut-off sums − σ(z). However, one does not expect the difference − σ(z) − − σ(z) to be holomorphic anymore in higher dimensions.
Lemma 6 Let R : σ → σ(z) be a holomorphic regularisation on CS c.c (R). For any σ 1 , · · · σ k ∈ CS c.c (R) with order α 1 < −n and α 2 , · · · , α k ≤ −n, Chen sums converge and boil down to ordinary Chen sums (independent of R)
These convergent Chen sums moreover obey the stuffle relations:
Proof: Stuffle relations come from the natural partition of the domain:
where mix sh(k, l) stands for the mixable shuffles, i.e. the surjective maps π from {1, . .
The domain P π is defined by:
The same holds if +∞ is replaced by any finite bound in the definition of the domains involved. Here the bound will be any positive integer N . The stuffle relations for truncated discrete Chen sums of symbols, with:
read:
where σ π = σ π 1 ⊗ · · · ⊗ σ π k+l is the tensor product of symbols defined by:
When the Chen sums converge, the limits when N → ∞ exist and the stuffle relations hold in the limit:
When the Chen sums do not converge, one does not expect the stuffle relations to hold in general neither for cut-off nor for regularised Chen sums, namely
However, just as for Chen integrals, on can use a renormalisation procedure to build instead renormalised Chen sums instead which do obey the required stuffle relations.
Proposition 15 Given a holomorphic regularisation R : τ → τ (z) on CS c.c (R) such that τ (z) has order α(z) = α(0) − qz for some q = 0. Then
defines a character, i.e.:
satisfies the stuffle relations:
which hold as an equality of meromorphic functions.
Proof: The proof is carried out along the same lines as for continuous integrals. We claim that the stuffle relations hold for cut-off sums, namely
as long as all the left partial sums of the orders of the symbols involved are non integer valued. Indeed, from the Euler-MacLaurin formula we know that the truncated Chen sums N,Chen σ 1 ⊗ · · · ⊗ σ k behave asymptotically as N → ∞ as
and hence as an integral over B(0, N ) of a symbol in CS * ,k−1 c.c (R). A close inspection shows that the asymptotics involve decreasing powers N α1+···+αj +n−i , i ≥ 0 where the α i 's are the orders of the σ i 's combined with a finite number of powers log l N , l ≤ k. Taking finite parts when N → ∞ in (28) therefore yields (29) whenever all the (left) partial orders of the symbols are non integer valued, for only in that case are we sure to avoid new finite terms arising from products of positive and negative powers of R in the asymptotics. Since a regularisation procedure perturbs the order by α(z) = α(0) − qz, the stuffle relations hold outside a discrete set of complex numbers z such that α 1 (0) + · · · + α j (0) − jqz ∈ Z. The stuffle relations therefore hold as equality of meromorphic functions. ⊔ ⊓ Proof: The Birkhoff decomposition [CK] , [M] for the minimal substraction scheme reads: Ψ R = Ψ R − * −1 * Ψ R + , where * is the convolution defined from the deconcatenation coproduct by φ * ψ(σ) = φ(σ) + ψ(σ) + 
Since Ψ R + is also a character on (H, ⋆) , it obeys the stuffle relation:
which holds as an equality of meromorphic functions holomorphic at z = 0. Setting Now suppose that σ = σ 1 ⊗ · · · ⊗ σ k is such that all the (left) partial sums of the orders α 1 + α 2 + · · · + α j , j = 1, · · · , k is not an integer. Due to the particular form of the deconcatenation coproduct, the component σ ′ shares the same property (with k replaced by the degree of σ ′ ). Note that in that case, z → Φ R (σ)(z) is holomorphic at 0 since poles only occur for values z 0 such that the partial orders lie in Z. In particular π(Ψ R (σ)) = 0, and it moreover shows for k = 1 that: 12 Stuffle relations for renormalised polyzeta functions in dimension 1
Using the notations of section 9, in dimension n = 1 the supremum norm | · | ∞ boils down to the ordinary absolute value | · | and we set for s 1 , · · · , s k ∈ C:
1 .
Let Y = {y 1 , · · · , y k , · · · } denote a countable alphabet of non commuting letters. We equip the corresponding tensor algebra T (Y ) with the stuffle or "second shuffle" product [ENR] ⋆ given by the recursive formula:
(y p u) ⋆ (y q v) = y p (u ⋆ y q v) + y q (y p u ⋆ v) − (y p+q ) (u ⋆ v) ∀y p , y q ∈ Y, ∀u, v ∈ T (Y ).
Given a one to one map S : Y → C, let us set s i := S(y i ) and:
ζ S (y r1 · · · y r k ) := ζ(s r1 , · · · , s ri ).
As a result of the stuffle relations (26) we have 
Remark 15
We get back the uniqueness of the extension of Riemann polyzeta functions to regularised polyzeta functions satisfying stuffle relations, once the value ζ reg (1) = θ is imposed [H] , [W] , [Z] . Here it is the parameter µ that plays the role of this constant θ. The present approach shows that this unique extension can be obtained using a Birkhoff decomposition.
Proof: The uniqueness follows by induction from the stuffle relations which "push" the leading term s 1 = 1 whenever it arises, away from the first position and therefore expresses divergent expressions in terms of convergent expressions. Since the character ψ µ given by the Birkhoff decomposition in theorem 6 has all the required properties, we have ζ µ (s 1 , · · · , s i ) = ψ µ S (y s1 · · · y si ). ⊔ ⊓
